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E-mail address: holger.schwaab@kit.edu (H. SchwaA new approach for modeling hysteretic non-linear ferroelectric ceramics is presented, based on a fully
ferroelectric/ferroelastic coupled macroscopic material model. The material behavior is described by a set
of yield functions and the history dependence is stored in internal state variables representing the rem-
anent polarization and the remanent strain. For the solution of the electromechanical coupled boundary
value problem, a hybrid ﬁnite element formulation is used. Inside this formulation the electric displace-
ment is available as nodal quantity (i.e. degree of freedom) which is used instead of the electric ﬁeld to
determine the evolution of remanent polarization. This involves naturally the electromechanical cou-
pling. A highly efﬁcient integration technique of the constitutive equations, deﬁning a system of ordinary
differential equations, is obtained by a customized return mapping algorithm. Due to some simpliﬁca-
tions of the algorithm, an analytical solution can be calculated. The automatic differentiation technique
is used to obtain the consistent tangent operator. Altogether this has been implemented into the ﬁnite
element code FEAP via a user element. Extensive veriﬁcation tests are performed in this work to evaluate
the behavior of the material model under pure electrical and mechanical as well as coupled and multi-
axial loading conditions.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Piezoelectric ceramics belong to the class of the so called smart or
activematerials. Byapplyingahighelectricﬁeld (polingprocess) it is
possible to obtain a macroscopically piezoelectric material which
couplesmechanical and electrical ﬁelds. Thus, they are a prime can-
didate for sensors and actuator applications. Also the possibility to
harvest energy due to the piezoelectric effect is the focus of many
developers thinking about energy autonomous devices (Ferrari
et al., 2009). One way to replace conventional actuator or sensor
solutions is to combine the unique properties of piezoelectric
ceramics and get onemultifunctional device acting as a sensor, actu-
ator or energy harvester (Marinkovic et al., 2011). To obtain this, de-
vices become more complex and simulation tools are necessary to
predict their behavior. Many commercially available ﬁnite element
simulation tools are able model the linear behavior of piezoelectric
devices. As a prerequisite it is necessary to know the poling state,
the internalmechanical stresses and strains aswell as the remaining
electric ﬁeld within the component after the poling-process. Thell rights reserved.
Technology (KIT), Hermann-
fen, Germany. Tel.: +49 721
ab).measurement of these quantities within a piezoceramic component
is not possible in most cases but their inﬂuence on the behavior of a
component cannot be neglected. Nonlinear simulations are the only
way to obtain this information and are essential to predict the
behavior of a piezoceramic component. Under the high electric ﬁeld
which is necessary for the so called poling process, the loadings
reach their maximum and can initiate cracking. Furthermore the
remaining residual stresses after poling inﬂuences their behavior,
since the level of total stresses has a crucial inﬂuence on the perfor-
mance in high cycle fatigue. The key to optimize and to assess the
reliability of piezoceramic structures is to estimate ﬁeld quantities
likemechanical stresses, strains andpolarizationquantitativelydur-
ing poling.
To model complex structures, the ﬁnite element approach is
well established. Therefore, an appropriate material model has to
be implemented into a suitable ﬁnite element analysis program.
In this work, a 3D user element is developed for FEAP (Taylor,
2011), which allows open interfaces, since the source code is avail-
able. The standard variational formulation in piezoelectricity pre-
sented for example in Maugin (1988) with a scalar electric
potential leads to a non-deﬁnite stiffness matrix. Furthermore
the solution of the boundary value problem is a saddle point
(Semenov et al., 2010) and can lead to instabilities in the numerical
solution process. Therefore an alternative formulation with a
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inite stiffness matrix. For this formulation the solution of the
boundary value problem lies in an actual minimum. The nonlinear
material model introduced in this work can be implemented in the
vector potential formulation as it uses the electric displacement ~D
and the strain S as independent variables. However the deﬁnition
of the boundary condition for a 3D problem using the vector poten-
tial formulation is not trivial. To avoid this problem the variational
formulation proposed by Ghandi and Hagood (1997) is used which
adds the scalar potential u as primary variable. The electric ﬁeld is
calculated by the constitutive equations and its relation to the elec-
tric potential is considered as an additional constraint in the weak
formulation (hybrid element). The electric boundary conditions
can be applied in a way identical to the standard formulation.
The phenomenological model for piezoelectric material behav-
ior presented in this work, is able to consider the major nonlinear
effects like ferroelectric, butterﬂy and ferroelastic hysteresis as
well as coupling phenomena like depolarization due to mechanical
stresses. The aim of this material model is to describe the nonlinear
macroscopic behavior of components. The basic structure is similar
to the one proposed by Kamlah and Böhle (2001). The nonlinear
ferroelastic and ferroelectric behavior is modeled by a set of four
loading criteria (two describing the onset of switching and two
describing the saturation). However the criteria describing the evo-
lution of remanent polarization are formulated based on the elec-
tric displacement ~D instead of the electric ﬁeld ~E. The history
dependence is stored in internal state variables, the remanent
polarization ~Pi and the remanent strain Si tensor.
The nonlinear material model deﬁnes a system of nine coupled
ordinary differential equations (ODE) describing the evolution of
the remanent strain tensor and the remanent polarization vector.
It has to be solved at each Gauss point for each time step. The re-
turn-mapping algorithm is a very efﬁcient and well known method
to integrate nonlinear ODEs. The algorithm presented in this work
is adjusted to this set of evolution equations and is not directly
comparable to an implicit integration scheme with a subsequent
local iterative procedure. It is called a return-mapping algorithm
because a ﬁrst corrector is calculated if switching takes place and
if a saturation criterion is violated a second corrector has to be ap-
plied. This method is computationally very efﬁcient as it leads to a
single nonlinear equation instead of a set of nonlinear algebraic
equations, which usually have to be solved iteratively. Further-
more, due to some assumptions, a solution of our equation can
be obtained in closed form. This allows calculating the so-called
consistent tangent operator, which contains the derivatives of
the stress and electric ﬁeld with respect to the independent vari-
ables. This is essential for achieving a quadratic rate of convergence
in the Newton iteration scheme. Due to the three dimensional for-
mulation of the evolution equation, the coding of the differentia-
tion of the integration algorithm is error-prone. To avoid this, the
automatic differentiation method is applied. The open source soft-
ware OpenAD (Utke et al., 2008) automatically generates the For-
tran code for the derivatives. Due to some optimization methods
within OpenAD, this code is very efﬁcient.
This paper is organized as follows. In the ﬁrst part of this
work, the formulation of the hybrid ﬁnite-element is shown as
well as the constitutive model and the integration algorithm. In
the second part, the simulation results for basic veriﬁcation tests
are shown which are in agreement with experimental observa-
tions from Lynch (1996), Zhou et al. (2005b) and Huber and Fleck
(2001). These tests cover pure ferroelectric and ferroelastic
behavior as well as simultaneous superposed electrical and
mechanical loadings. Finally results of a simulation of a rounded
electrode tip in a stack actuator are presented. Due to the geom-
etry inhomogeneous electric and mechanical ﬁelds are present in
this system.2. Electric displacement based variation principle
Starting with the basic balance equations, mechanical and elec-
tric equilibrium (i.e. quasistatic approach) require
divrþ~f B ¼ 0 ð1Þ
div~D qB ¼ 0 ð2Þ
where r is the symmetric Cauchy stress tensor,~f B is the body force
per unit volume, ~D is the electric displacement vector and qB is the
free charge per unit area. Two types of mechanical boundary exist
as a mechanical surface force ~f density or a displacement ~u may
be applied to surfaces Sf, Su. Additionally, surface charge density q
can be speciﬁed on Sq as well as an electric potential u on Su. Thus
the complete set of Cauchy and von Neumann boundary conditions
are given by:
~u ¼ ~uSu on Su; r ~n ¼~f Sf on Sf ð3Þ
u ¼ uSu on Su; ~D ~n ¼ qSq on Sq ð4Þ
Assuming small strains, the strain tensor
S ¼ 1
2
r~uþ ðr~uÞT
 
ð5Þ
is obtained by the linear strain-displacement relation. The super-
script T indicates the transpose of a matrix. The electric ﬁeld~E is re-
lated to the gradient of the electric potential u by
~E ¼ ru; ð6Þ
since magnetic effects can be neglected in the quasistatic approach.
Finally for a linear piezoelectric material the relationship for ﬁxed
remanent polarization ~Pi and strain Si is given by
~D ¼ eT : S  Si
 
þ j ~Eþ~Pi
r ¼ C : ðS  SiÞ  e ~E
ð7Þ
where C are the fourth-order tensor of elasticity at constant electric
ﬁeld and j is the second-order tensor of dielectric permittivity and
e the third-order tensor of piezoelectricity. Finally the standard
weak form for FEM can be obtained using Eqs. (1)–(6) and introduc-
ing test functions d~u and du:
dG :¼
Z
V
r : dSdV
Z
V
~f Bd~udV 
Z
Sf
~f SFd~udSf þ
Z
V
~DdrudV

Z
V
qBdudV 
Z
Sq
qSqdudSq ¼ 0 ð8Þ
Allik and Hughes (1970) used this ﬁnite element framework to
model linear piezoelectric materials. Different variational formula-
tions are compared regarding accuracy and distortion sensitivity in
Sze and Pan (1999), but only for linear piezoelectric material. Lan-
dis (2002b) demonstrated the well-known difﬁculties which arise
in the solution of non-linear problems with the standard formula-
tion. For that he proposed a new formulation by introducing a vec-
tor potential. This showed great improvement for the solution
process but the deﬁnition of boundary conditions seems to be a
not trivial problem in the three dimensional case. Ghandi and Ha-
good (1997) developed a hybrid ﬁnite-element adding via a La-
grange-multiplier k the constraint ~E ¼ ru to the standard
variation formulation in Eq. (8):
G ~u;u;~E;~k
 
:¼ Gþ
Z
V
~kð~EþruÞdV ð9Þ
Applying the divergence theorem and regrouping terms, they
identiﬁed the Lagrange multiplier as the electric displacement.
Thus the weak form for the hybrid ﬁnite element is
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Z
V
r : dSdV 
Z
V
~f Bd~udV 
Z
Sf
~f Sf d~udSf þ
Z
V
~DdrudV

Z
V
qBdudV 
Z
Sq
qSqdudSq þ
Z
V
ð~EþruÞd~DdV ¼ 0 ð10Þ
Compared to the standard form in Eq. (8) there are no changes
in the electrical and mechanical boundary condition. For this weak
form, it is natural to use the constitutive law in a form, with strain
S and electric displacement ~D as independent variables:
r ¼ CD : ðS  SiÞ  h  ð~D~PiÞ
~E ¼ hT : ðS  SiÞ þ b  ð~D~PiÞ
ð11Þ
In this approach the electric ﬁeld is calculated by the shown
constitutive relation Eq. (11) and not by the gradient relation Eq.
(6). Here, CD is the elastic stiffness tensor at a constant electric dis-
placement, h is the tensor of piezoelectric coefﬁcients and b is the
inverse dielectric permittivity tensor at constant strain. The disad-
vantage of the formulation Eq. (10) is the increase in the number of
degrees of freedom (DOF). For the three dimensional case, there are
four DOFs (displacement vector and the scalar potential) in the
standard formulation Eq. (8) while in the formulation Eq. (10)
introduced by Ghandi and Hagwood adding the electric displace-
ment vector we end up with seven DOFs. Thus inverting the global
stiffness matrix is computationally more expensive, but if the
numbers of global iteration steps can be reduced, this can speed
up the whole solution process. As a matter of fact Ghandi and Ha-
good (1997) reported a speed improvement of as much as 15 times.
3. Finite element implementation
The ﬁnite element method is a suitable way to solve arbitrary
electromechanical boundary value problems. Based on the hybrid
variational formulation Eq. (10), an electromechanical coupled
3D ﬁnite element is developed. The basic idea of the ﬁnite element
method is to divide the complete geometry V0 into elementary ele-
ments Ve so that V0 ¼ [e¼noele¼1 Ve, where noel is the total number of
elements. To evaluate Ve, a so called user element has been imple-
mented in FEAP. FEAP is a general ﬁnite element analysis program
developed by Robert L. Taylor at the University of California at
Berkeley and is designed for research and educational use. The
main advantage of this program is that the source code is fully
available for distribution costs and additional documentation are
accessible on the internet site (Taylor, 2011) as well as in printed
books (Zienkiewicz, 2006). Following the isoparametric concept,
the interpolation within each 8-node hexahedral element as the
most simple case is done by a trilinear shape function NI
NIðnI;gI; fIÞ ¼
1
8
ð1þ nInÞð1þ gIgÞð1þ fIfÞ ð12Þ
with 1 6 n, g, f 6 +1 at the node I. The matrices Nu, Nd and Nu con-
tain all shape functions corresponding to the nodes of one element
Nu ¼ Nd ¼
N1 0 0 N2 0 0 . . . Nnel 0 0
0 N1 0 0 N2 0 . . . 0 Nnel 0
0 0 N1 0 0 N2 . . . 0 0 Nnel
264
375
ð13Þ
Nu ¼ ½N1;N2; . . . ;Nnel ð14Þ
and the nodal values
Dk ¼ ½Dx1;Dy1;Dz1;Dx2;Dy2; . . .DznelT ð15Þ
uk ¼ ½ux1;uy1;uz1;ux2;uy2; . . .uznelT ð16Þ
uk ¼ ½u1;u2;u3; . . . ;unelT ð17Þare stored in Dk, uk, uk. With these interpolation functions the posi-
tion vector ~X the displacement vector~u, the scalar electric potential
u and electric displacements vector ~D can be interpolated from the
associated nodal quantities (subscript k) as
~Xe  XkNu; ~ue  ukNu ð18Þ
ue  ukNu; ~De  DkNd ð19Þ
within the ﬁnite element (subscript e). Using the differential
operators
Lu ¼
@
@x
@
@y
@
@z
0B@
1CA; Lu ¼
@
@x 0 0
@
@y
@
@z 0
0 @
@y 0
@
@x 0
@
@z
0 0 @
@z 0
@
@x
@
@y
0BB@
1CCA
T
ð20Þ
the so-called B-Matrices Bu = LuNu and Bu = LuNu are deﬁned. The
strain ﬁeld and the electric potential gradient which are related to
the nodal displacement and electric potential by Eqs. (5), (6) can
be obtained with:
ru  ukBu; S  ukBu ð21Þ
The strain and stress tensor are given in Voigt-notation where
the strain components are sorted as S = (Sxx,Syy,Szz,2Sxy,2Sxz,2Syz)
according to the deﬁnition of Lu. Introducing test functions
d~u; du and d~D, the weak form is expressed in terms of the ﬁnite
element approximation and can be rewritten as:
dG  d~uT
Z
V
½BuTrdV 
Z
V
½NuT~f B dV 
Z
Sf
½NuT~f Sf dSf
 !
þ duT
Z
V
½BuT~DdV þ
Z
V
½NuTqB dV þ
Z
Sq
½NuTqSq dSq
 !
þ d~DT
Z
V
½NdTð~EþruÞdV
 
¼ 0: ð22Þ
Since the total variation must be zero for any arbitrary variation
of the displacement, the electric potential and the electric displace-
ment, a set of nonlinear algebraic equations for the nodal quanti-
ties is obtained. For the solution of this, a Newton method is
used. Therefore it is necessary to compute the element Jacobian
matrix
½Kuu ¼
Z
V
½BuT @r
@S
 
Bu½ dV ; ½Kdd ¼
Z
V
½NuT @
~E
@~D
" #
½NudV
½Kud ¼
Z
V
½BuT @r
@~D
 
½NudV ; ½Kdu ¼
Z
V
½NuT @
~E
@S
" #
½BudV
½Kud ¼
Z
V
½NuT½BudV ; ½Kdu ¼
Z
V
½BuT½NudV :
ð23Þ
The residual vectors
½f u ¼
Z
V
½BuTrdV þ
Z
V
½NuTf B dV þ
Z
Sf
½NuTf Sf dSf
½fu ¼
Z
V
½BuT~DdV 
Z
V
½NuTqB dV 
Z
Sq
½NuTqSq dSq
½f d ¼
Z
V
½NdTð~EþruÞdV
ð24Þ
are calculated based on the generalized internal and external loads.
Finally the familiar matrix form on the element level can be ex-
pressed as
Kuu 0 Kud
0 0 Kud
Kdu Kdu Kdd
0B@
1CA
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Ke
Duk
Duk
DDk
0B@
1CA
|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
ue
¼
f u
fu
f d
0B@
1CA
|ﬄﬄﬄ{zﬄﬄﬄ}
Re
: ð25Þ
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sistent tangent operators in Eq. (23) are symmetric. Assembling all
element matrices (Ke,ue,Re) from each ﬁnite element together, the
global system matrices are obtained. By inverting the global stiff-
ness matrix with an appropriate solver the unknown values for
the degrees of freedoms are calculated. The general solution
scheme of the electromechanical coupled boundary value problem,
for the hybrid element formulation, is visualized in Fig. 1. FEAP it-
self manages the global level and assembles the global system
matrices including the boundary conditions. It provides an inter-
face, where users can link a ‘‘user element’’ into the global solution
scheme. The major task on the element level is to implement the
material behavior that means to calculate the stress and electric
ﬁeld in the residual vectors Eq. (24) and to calculate the derivatives
in the Jacobian matrix Eq. (23).
In order to ensure the quadratic rate of convergence of the
Newton method, the derivations in Eq. (23) have to be consistent
with the chosen material model and the integration scheme (Simo,
1998). If this is the case they are called consistent tangent opera-
tors which are for the linear piezoelectric equations with ﬁxed
remanent polarization and strain the known material tensors in
Eq. (11):
@r
@S
¼ CD; @
~E
@~D
¼ b; @r
@~D
¼ @
~E
@S
¼ h: ð26Þ
If a nonlinear material model is considered these derivatives de-
pend on the chosen internal state variables and on the degrees of
freedom. The calculations of these tangent operators are computa-
tionally expensive so modiﬁed Newton methods are used fre-
quently. In this work the derivatives are calculated at each
iteration step. Depending on the chosen material model and inte-
gration scheme the tangent operators usually cannot be derived
in closed form. Due to the chain rule the coding effort is multiple
times larger than coding the material law subroutine. The coding
is error-prone and ﬁnding bugs inside the code for the consistent
tangent operator is difﬁcult as veriﬁcation interim results are often
not available. The alternatives are numerical differentiation meth-
ods. A ﬁnite difference approximation is always possible but has
known disadvantages (Griewank, 2000).global level  
new time increment 
newton  
iteration 
element 
res
assemble global stiffness  
matrix, residual vector 
save history variables 
next time increment 
Fig. 1. Solving the electromechanical coupled boundary vTo avoid all these issues, the automatic differentiation method
is used to obtain the derivatives of the material model. The open
source toolkit OpenAD (Utke et al., 2008) analyzes a given Fortran
code (the material subroutine) and automatically generates a code
that computes the partial derivatives of the dependent variables
with respect to the pre-deﬁned independent variables. This tool
knows the derivatives of basic mathematical functions and
executes the chain rule on all mathematical operations inside the
given code. OpenAD itself has optimization features for the gener-
ation of a Fortran code and combined with additional compiler
optimizations, a highly efﬁcient way to calculate the consistent
tangent operators can be linked into the user ﬁnite element. The
accuracy of this method to obtain the derivatives depends on ma-
chine precision. Another advantage is that the consistent tangent
operator is available at any time during the development process
of a material model as it can be computed repeatedly automatically
after a change of the material subroutine.
4. Phenomenological material model
The aim of this nonlinear model for ferroelectric materials is to
describe the behavior on a macroscopic length scale and to predict
the behavior of components made of ferroelectric materials. There-
fore all quantities in this model represent volume averages over a
representative volume element. The general structure is equal to
the model presented in Kamlah and Böhle (2001) and the review
articles Landis (2004) and Kamlah (2001). The main difference is
that the electric displacement, which is available as a nodal value
in the hybrid formulation, is used as an independent variable in
the constitutive law instead of the electric ﬁeld. In contrast to
phenomenological modeling, micromechanical models such as in
Huber (2005) and Kamlah et al. (2005) are used to understand
the behavior of polycrystalline ferroelectric materials.
The basic assumption is the additive decomposition of polariza-
tion and strain
S ¼ Sr þ Si; ~P ¼~Pr þ~Pi ð27Þ
into reversible and irreversible parts. This follows the framework of
small-strain plasticity and is applied to most of the nonlinearelement level  
stiffness matrix,  
idual vector 
each element 
 each gauss point 
material level  
determination strains 
determination of 
volume integration 
alue problem inside the ﬁnite element environment.
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so called remanent polarization and remanent strain are the inter-
nal variables storing the history dependence. The reversible parts
can be directly calculated with the piezoelectric equations in the
‘‘d-form’’ (Ikeda, 1990):
Sr ¼ C1 : rþ d^T ~E
~Pr ¼ d^ : rþ j ~E
ð28Þ
The hat over the tensor of piezoelectric d^ indicates that this ten-
sor is not constant. It depends linear on the remanent polarization as
d^kij ¼ k
~Pik
Psat
dk eP
i
i e
Pi
j e
Pi
k
 
þ d? dij  ePii eP
i
j
 
eP
i
k þ d¼
1
2
dki  ePik eP
i
i
 
eP
i
j

þ dkj  ePik eP
i
j
 
eP
i
i
i
: ð29Þ
In the unpoled stated (k~Pik ¼ 0) the macroscopic piezoelectric
effect is absent and in the fully poled state (k~Pik ¼ Psat) the piezo-
electricity tensor is transversely isotropic. The unit vector
~eP
i ¼~Pi=k~Pik points into the direction of the remanent polarization
and deﬁnes the axis of anisotropy. The constants dk, d\, d= corre-
spond to the well-known piezoelectric parameters in Voigt nota-
tion d33, d31, d15 respectively and d is the Kronecker delta. The
tensor of elasticity and the tensor of dielectric permittivity are as-
sumed to be isotropic and constant
C ¼ Y
1þ m Iþ
m
1 2m I  I
 
; j ¼ js  I; ð30Þ
where m, Y, js are the Poisson’s ration, the Young’s modulus and the
dielectric constant (I; I identity tensors of second and fourth order).
The evolution of the remanent parts of strain and polarization
are described by a set of four yield surfaces. The switching starts
if a critical electric displacement bDc is reached.
f d ¼ k~D cd~Pik  bDcðr;~PiÞ ð31Þ
The nonnegative constant cd describes the slope of the dielectric
hysteresis during poling. To reproduce the electromechanical cou-
pled behavior the critical value is a function of the mechanical
stress and its orientation to the remanent polarization:
bDcðr;~PiÞ ¼ Dc 1þ kd^ : rkb~ePi  rDev ~ePie  ð32Þ
In Eq. (32), bDc increases if the deviatoric stress tensor (super-
script Dev) projected in the direction of the remanent polarization
is positive and prevents the evolution of remanent polarization by
mechanical tensile stresses. Dc is a material constant, which can be
calculated from the coercive ﬁeld by
Dc ¼ ðjs þ 0ÞEc ð33Þ
where 0 is the vacuum permittivity. In this paper, we use the
brackets
bxe ¼ 1; xP 0
0; x < 0
	
; dxc ¼ 1; x > 0
0; x 6 0
	
ð34Þ
to indicate the Heaviside-functions. The use of the electric
displacement
~D ¼ d^ : rþ ðjþ 0  IÞ ~Eþ~Pi ð35Þ
instead of the electric ﬁeld in the yield function (31) includes natu-
rally the electromechanical coupling effect. Both quantities, the
mechanical stresses and the electric ﬁeld, are considered inside
the electric displacement. This coupling only exists in a poled state
as the piezoelectric tensor depends on the remanent polarization.
Thus the electromechanical coupling is different to the models pre-
sented in Kamlah and Böhle (2001).
In order to limit the evolution of remanent polarization a sec-
ond yield surface is formulated ashd ¼ k~Pik  Psat; ð36Þ
which is active if the saturation polarization Psat is achieved. For a
detailed theoretical investigation on saturation behavior in poly-
crystalline ferroelectrics see Landis et al. (2004). Compared to the
nonlinear models presented in Kamlah (2001), the saturation polar-
ization criterion in Eq. (36) is very simple. Nevertheless, as will be
shown in Section 6.3 our model is very well capable of representing
the complex dependence of saturation polarization and strain on
the loading history. In the models developed by Zouari et al.
(2011) the saturation phenomenon is realized by a non-constant
hardening parameter cd, which approaches inﬁnity if the saturation
polarization is achieved.
Domain switching also induces remanent strains either by
mechanical stress or due to the change of the poling texture. To
consider both effects, the remanent strain is divided into two parts
according to
Si ¼ Sip þ Sim: ð37Þ
where Sip is the strain induced by the polarization and Sim is the
mechanically induced strain. The polarization induced strain is a
function of the remanent polarization as
Sip ¼ 3
2
Ssat
k~Pik
Psat
ð~ePi ~ePi  1
3
IÞ ð38Þ
and it is deviatoric. The symbol  indicates the dyadic product e.g.
ð~a~bÞij ¼ aibj yields a second order tensor. If the fully poled state is
reached (k~Pik ¼ Psat), say in x-direction ð~ePi ¼ ð1 0 0ÞTÞ, the polariza-
tion induced strain is
Sip ¼ Ssat 
1 0 0
0  12 0
0 0  12
0B@
1CA ð39Þ
where Ssat is the saturation strain. For the mechanically induced
strain again a switching function is introduced by
fm ¼
ﬃﬃﬃ
3
2
r
kðr cmS imÞDevk  r^cð~E;~PiÞ ð40Þ
where cm describes the linear kinematic hardening. The onset of fer-
roelastic changes starts if the switching criterion fm = 0 is fulﬁlled.
In the absence of electric ﬁelds this point is deﬁned by the material
parameter rc the coercive stress. In presence of remanent polariza-
tion a superposed electric ﬁeld changes the coercive stress accord-
ing to
r^cð~E;~PiÞ ¼ rc þ h
~E
Ec
~ePi
* +
; ð41Þ
stabilizing or destabilizing a polarization state. Thus the coercive
stress is a function of remanent polarization, its orientation to the
electric ﬁeld and its magnitude. The nonnegative material parame-
ter h deﬁnes this inﬂuence and the Macaulay brackets hxi = 0 for
x < 0 and hxi = x for xP 0 guarantee that the coercive stress is al-
ways a nonnegative quantity. The mechanical saturation function
hm ¼
ﬃﬃﬃ
2
3
r
kSimk  Ssat 
ﬃﬃﬃ
2
3
r
kSipk
 !
ð42Þ
ensures that for hm = 0 the total remanent strain never exceeds its
saturation value. Therefore both parts, the polarization and
mechanically induced remanent strains have to be considered.
The saturation function in Eq. (42) leads to a symmetrical ferroelas-
tic hysteresis as shown in Section 6.2. As a matter of fact, in poly-
crystalline ferroelectrics there is a certain tension-compression
asymmetry as has been investigated theoretically by Fröhlich
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in a compact form, we introduce the notations
f d
H
¼ d
dt
f dj _~Pi¼0; h
d
H
¼ d
dt
hdj
_~Pi¼bf de bf de
H
k
fd
@fd
@~D
ð43Þ
fm
H
¼ d
dt
fmj _Sim¼0; h m
H
¼ d
dt
hmj _Sim ¼ bfme bf me
H
kfm
@f m
@r
; ð44Þ
as well as Heaviside-functions
F i ¼ bf ie bf ie
H
; Hi ¼ dbhie dhic
H
þdhicc; i ¼ d;m: ð45Þ
Now the system of nine (in the 3D case), coupled, rate indepen-
dent, ordinary differential equations can be written:
_~Pi ¼ ð1 Hd~eb ~ebÞ  Fdkf d
@f d
@~D
 
þ Hdkhd
@hd
@~Pi
; ð46Þ
_Sim ¼ ðI  HmNm  NmÞ  Fmkfm @f
m
@r
 
þ Hmkhm
@hm
@Sim
ð47Þ
The factors kf d ; kh d ; kfm ; khm deﬁning the length of the incre-
ments of the remanent quantity are determined from the consis-
tency condition _f d ¼ 0; _h d ¼ 0; _fm ¼ 0; _hm ¼ 0, respectively. In
order to enable the rotation of the remanent polarization and rem-
anent strain at a fully poled stated it is necessary to deﬁne
~eb ¼ @h
d
@~Pi
; Nm ¼ @h
m
=@Si
k@hm=@Sik
: ð48Þ5. Integration algorithm
Solving the system of differential equations deﬁned by the con-
stitutive material model Eqs. (46) and (47) is not trivial. Methods
like an explicit Runge–Kutta algorithm can be unstable, even for
higher order, and it is a problem to fulﬁll all yield conditions at
the end of an increment. Implicit methods are computationally
expensive as a system of up to nine non-linear equations has to
be solved for each iteration at each Gauss-point. In this work a re-
turn mapping method is presented which is very efﬁcient and sta-
ble. The solution for the system of differential equation can be
reduced to a solution of one nonlinear algebraic equation and with
some additional assumptions they can be solved analytically. The
structure is similar to the method presented in Laskewitz and
Kamlah (2010) but it is necessary to adjust it to the newly devel-
oped material model. The remanent polarization and remanent
strain are obtained in two step corrector scheme
nþ1~Pi ¼ n~Pi þ D~Pi;f þ D~Pi;h; nþ1Sim ¼ nSim þ DSim;f þ DSim;h ð49Þ
at the end of the time increment (superscript n + 1) with the known
value at the beginning of the time step (superscript n). The correc-
tors D~Pi;f ; D~Pi;h; DSim;f , DSim,h are obtained from the corresponding
switching and saturation criteria. The solution process has a hierar-
chical structure. First the electric yield function Eq. (31) is checked. If
it is smaller or equal zero, f dðnþ1~D; n~Pi; n bDcÞ 6 0, no switching of
remanent polarization occurs and both correctors for the remanent
polarization are zero D~Pi;f ¼ D~Pi;h ¼~0. If the electric displacement
vector violates the switching criterion, a corrector D~Pi;f has to be cal-
culated to satisfy the yield condition. Therefore we make the ansatz
D~Pi;f ¼ kf d
@f d
@~D
ð50Þ
according to the ﬁrst term in Eq. (46). The derivative of the yield
function
@f d
@ ~D
¼
nþ1~D cd  n~Pi
knþ1~D cd  n~Pik
ð51Þdetermines the direction of the corrector. As a simpliﬁcation, the
remanent polarization at the end of last converged time step is
used. The magnitude of the corrector is determined by kf d . This
factor is calculated from the consistency condition f dðnþ1~D;
n~Pi þ D~Pi;fÞ ¼ f dðkf d Þ ¼ 0 which leads to a non-linear function. In
the case that the critical electric displacement is a constant during
one time step, an analytical solution can be obtained as
kf d ¼
n bDc
cd
knþ1~D cd  n~Pik
n bDc  1
" #
: ð52Þ
The critical electric displacement n bDc is calculated at the end of
a converged time increment and saved in an additional history var-
iable. Due to the use of values taken from the last converged time
step the solution algorithm is not a completely implicit method
and this might limit the time step size of the global Newton
iteration. For the second corrector, the saturation criterion
hdðn~Pi þ D~Pi;f Þ ¼ 0 is checked including the already known correc-
tor D~Pi;f . If the fully poled state is not yet reached
(kn~Pi þ D~Pi;fk 6 Psat) this second corrector vanishes. If the vector
norm exceeds the saturation polarization, the second corrector
has to be calculated to fulﬁll the saturation criterion Eq. (36). The
second term from Eq. (46) motivates the ansatz
D~Pi;h ¼ khd
@hd
@~Pi
ð53Þ
which projects the remanent polarization in the shortest direction
back to yield surfaces of the saturation criterion. As all yield sur-
faces are spherical in this model and the normality rule is applied,
the correctors always point into the radial direction (radial return
mapping algorithm in Simo (1998)). The factor of proportionality
khd can be derived analytically as
D~Pi;h ¼ Psat  kn~Pi þ D~Pi;fk
h i
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
k
hd

n~Pi þ D~Pi;f
kn~Pi þ D~Pi;fk
: ð54Þ
Finally the updated remanent polarization nþ1~Pi is obtained by
Eq. (49). Fig. 2 shows the two corrector steps at different states.
In Fig. 2 the electric yield function is violated and because of this
the ﬁrst corrector has to be calculated. In the second Fig. 2(b) the
fully poled state is achieved and the second corrector is active,
too.
The next step in the solution procedure, which always needs to
be checked, is the mechanical yield condition fm = 0. Therefore a
trial stress is obtained from the linear piezoelectric Eq. (7)
r ¼ nþ1CD : nþ1S  nþ1Sip  nSim
 
 nþ1h  nþ1~D nþ1~Pi
 
ð55Þ
taking into account the already known remanent polarization
nþ1~Pi. The remanent strain n+1Sip induced by the remanent polari-
zation is calculated according to Eq. (38). Calculating the trial
stress by Eq. (55) and to determine the direction of the new incre-
ment by Eq. (57), the known ferroelastic part of remanent strain
nSim at the beginning of the time increment is used. It is the only
value which has not yet been updated. Following the same proce-
dure as in the ferroelectric case the coercive stress nr^c is used as
another scalar history variable which is calculated at the end of a
converged time increment and taken to be constant during the fol-
lowing time step. With this simpliﬁcation it is possible to calculate
the strain corrector DSim,f, in closed form. The ansatz correspond-
ing to Eq. (47), is
DSim;f ¼ kfm @f
m
@r
ð56Þ
Fig. 2. Return mapping algorithm for the ferroelectric material behavior.
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the direction of the corrector as
@fm
@r
¼
r cm  nSim
 Dev
k r cm  nSim
 Dev
k
¼ N: ð57Þ
It can be seen that this leads to a deviatoric strain tensor DSim,f
which corresponds to measurements by Zhou et al. (2010) where
pure domain switching does not lead to a volume change. To eval-
uate kfm , the solution of the corresponding consistency condition
leads to a quadratic equation. Introducing the additional
abbreviations
A ¼ r cm  nSim
 Dev
and B ¼ ðC : N  cm  NÞ ð58Þ
the solution can be written in closed form as
kfm ¼
A : B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA : BÞ2  B2  ðA2  23 ðnr^cÞ2Þ
q
B2
ð59Þ
with the inner product between tensors X :Y = XijYij and X2 = XijXij.
Adding the remanent strain corrector and the strain due to the rem-
anent polarization, the saturation criterion, hm(nSim + DSim,f,
n+1Sip) = 0, see Eq. (42), has to be checked. If hm 6 0, meaning that
the summation of the norm of the strain components is not larger
than the saturation strain, the second corrector is equal zero,
DSim,h = 0. If the saturation criterion is violated, hm > 0, a second
corrector needs to be calculated from the ansatz
DSim;h ¼ khm
@hm
@Sim
ð60Þ
which projects the strain back to the saturation surface. The
derivative
@hm
@Sim
¼
ﬃﬃﬃ
2
3
r

nSim þ DSim;f
knSim þ DSim;fk
ð61Þ
is deviatoric which leads to a deviatoric tensor DSim,h. The factor of
proportionality khm can be derived in closed form as
khm ¼
ﬃﬃﬃ
3
2
r

ﬃﬃﬃ
3
2
r
Ssat  ðknSim þ DSim;fk  knþ1SipkÞ
 !
; ð62Þ
so ﬁnally all correctors are calculated analytically. The new rema-
nent strain and remanent polarization at the end of the time incre-
ment can be obtained by the summation according to Eq. (49). The
hierarchical structure of this return mapping algorithm is illus-
trated in Fig. 3, where all steps explained in this section are shown.
The presented algorithm is adjusted to the hybrid electromechani-
cal ﬁnite element formulation as the electric displacement isrequired as input value. The implementation of this solution proce-
dure has been done in Fortran code to directly link it into FEAP
within a user element. The presented algorithm is adjusted to this
special type of material model presented in this work and it has
to be regarded that it is not a total implicit formulation as values
from the last converged time step are used. The main advantage
of this method is the possibility to obtain a solution in closed form,
for the system of differential equations deﬁned by the material
model. Based on this approach it is possible to derive the consistent
tangent operator. Therefore we use the automatic differentiation
method, mentioned in Section 3. This improves the stability and
convergence rate of the global Newton iteration. Even if using a
not completely implicit integration scheme which may lead to
smaller time steps, the solution time still can be reduced as less
iterations are necessary to reach the tolerance limit of the global
Newton iteration.
6. Model behavior
As the material model presented in this paper is new it needs to
be veriﬁed in full detail. In this section we demonstrate the capa-
bilities of our nonlinear material model to represent the constitu-
tive behavior of piezoceramics under different electric and
mechanical loading scenarios. All results in this section are ob-
tained by ‘‘one-element’’ ﬁnite element simulations, where differ-
ent mechanical and electrical boundary conditions are applied. The
material model is time-independent, thus the shapes of the pre-
sented hystereses do not change if the frequency of the loadings
are changed. For the solution of the system of differential equation
deﬁned by the material model the integration method introduced
before is used. The material constants which are applied to all ver-
iﬁcation tests in this section are shown in Table 1. They are chosen
to represent the properties of typical soft-PZT actuator material.
6.1. Ferroelectric behavior
The basic feature of the nonlinear (ferroelectric)materialmodels
is the appearance of hysteresis curves under a cyclic electric ﬁeld
(i.e. pure electric loading condition). The dielectric and the butterﬂy
hystereses obtained with the actual model are shown in Fig. 4.
Microscopically the nonlinear response of the material is caused
by switching of ferroelectric domains, which is the characteristic
mechanism of ferroelectric materials. Starting from the unpoled
(stress free) state, there is no coupling between the strain and the
electric ﬁeld (the horizontal line in Fig. 4(b)). If the electric ﬁeld is
greater than the coerciveﬁeld a change of the remanent polarization
is induced. During a further increase of the electrical ﬁeld, a strong
increase in both hystereses curves is obtained until the saturation
polarization is reached. When the fully poled state is achieved, the
Fig. 3. Structure of the return mapping solution algorithm.
Table 1
Material parameters.
Psat 0.29 kN/MVmm Eq. (36) h 0.02 kN/mm2 Eq. (41)
Ssat 0.002 Eq. (42) m 0.37 Eq. (30)
cm 20 kN/mm2 Eq. (40) Y 60 kN/mm2 Eq. (30)
cd 1.05 Eq. (31) dk 0.45 mm/MV Eq. (29)
Ec 1.0 MV/mm Eq. (33) d\ 0.21 mm/MV Eq. (29)
rc 40E3 kN/mm2 Eq. (41) d= 0.29 mm/MV Eq. (29)
j 20 kN/MV2 Eq. (30)
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tric equations describe the further material behavior. Some kind of
ferroelectric Bauschinger effect is represented, as the strength of the
negative electric ﬁeld needed to initiate switching in the opposite
direction is smaller than the negative original ﬁeld strength Ec.
This is related to the kinematic hardening in the electric yield func-
tion Eq. (31).6.1.1. Polarization rotation
To reproduce the well-known effect of the rotation of the rema-
nent polarization is a non-trivial problem for the material model as
well as for the integration algorithm. Due to the three dimensional
formulation of the constitutive equations in the actual framework
the evolution of remanent polarization is possible in arbitrary
direction. In order to demonstrate the capability of our model the
‘‘material’’ is ﬁrst poled in one direction and in a second step the
electric ﬁeld is applied under a speciﬁc angel with respect to the ini-
tial remanent polarization. The results of these polarization rota-
tion tests are shown in Fig. 5 for different angles (0, 45, 90,
135, 180). In Fig. 5 the change of electric displacement and the ap-
plied electric ﬁeld in the second loading step is plotted. As compar-
ison to experimental observations e.g. in Huber and Fleck (2001)
and Zhou et al. (2006), the material model can simulate qualita-
tively the non-proportional, multi-axial switching behavior of
ferroelectric materials.
Fig. 4. Ferroelectric material behavior.
Fig. 5. Simulated response of a polarization rotation test under different angle
between initial poling and electric loading. Fig. 6. Ferroelastic hysteresis under coaxial mechanical loading.
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For the simulation of the ferroelastic behavior, the initially iso-
tropic material is compressed and stretched by a continuously
changing the displacement boundary condition. Starting with
compression loading, the initial response is linear elastic until a
critical value, the coercive stress is reached. At this point the evo-
lution of remanent ferroelastic strain starts and because of this the
response is less stiff depending on the hardening parameter cm in
Eq. (40). The remanent polarization is equal to zero as a pure
mechanical loading cannot lead to a macroscopic polarization in
this model. The shape of the ferroelastic hysteresis is symmetrical
with respect to the origin. An experimental veriﬁcation would pose
some difﬁculties as tensile stresses of the magnitude shown in
Fig. 6 would usually lead to fracture of the sample. In theoretical
studies by Fröhlich (2001) the relation between the remanent
strain under compression and under tension is predicted to be
about 1:1.3 for a polycrystalline material with a tetragonal unit
cell.6.3. Coupled electromechanical behavior
Beside the pure ferroelectric or ferroelastic behavior the cou-
pled interaction between both is crucial in order to predict the pol-
ing texture within such complex piezoceramic components.
Mechanical stresses can stabilize or destabilize the remanent
polarization. The following veriﬁcation tests show the ability of
our material model to reproduce the coupling behavior.6.3.1. Mechanical depolarization
For this electromechanical simulation, the sample undergoes an
initial poling process. In Fig. 7 this is represented by the horizontal
line when no mechanical stress is applied. After this, the electric
ﬁeld is reduced and a compression stress is applied to the sample.
In Fig. 7 three depolarization simulations are shown with different
superposed electric ﬁelds during the compression loading. In the
ﬁrst case the electric ﬁeld is completely removed and in the other
tests a constant electric ﬁeld with ±200 V/mm remains on the sam-
ple. In case the remaining electric ﬁeld has the same direction as
the remanent polarization ð~E "~Pi "Þ, the polarization state is stabi-
lized against the compressive stress. This leads to higher critical
mechanical stresses and delays the onset of depolarization. In the
other case, the electric ﬁeld is applied in the opposite direction
ð~E "~P i #Þ. Even though it is not strong enough to cause electric
depolarization, it leads to a destabilization of the polarization state.
This reduces the critical stress level and thus leads to an earlier on-
set of mechanical depolarization. The onset of mechanical depolar-
ization, the slope and the remaining remanent polarization are no
directly controlled by a speciﬁc material parameter in this material
model. Rather the shape of the depolarization curve is inﬂuenced
by a combination of different material parameters (cd,dk,d\,d=,j).
6.3.2. Ferroelectric behavior under mechanical stress
In this simulation, a cyclic electric loading with a superposed
constant coaxial mechanical stress is investigated. In Fig. 8 the
dielectric hysteresis and the butterﬂy hysteresis are shown for dif-
ferent compression loadings. The application of a constant com-
pression load leads not only to a vertical shift of the butterﬂy
hysteresis. Also the slope in the nonlinear regime is reduced and
Fig. 7. Mechanical depolarization for different values of superposed electric ﬁeld
±200 V/mm.
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ﬁeld, still acting in the direction of the polarization, is reduced.
The simulations with a compressive stress of 200 MPa illustrates
two additional effects. First the hystereses behavior vanishes under
high compression stresses. Second with very high electric ﬁelds it
is still possible to introduce a remanent polarization, but if the ﬁeld
is reduced, only a small amount of remanent polarization remains
stable. The vanishing of the butterﬂy and dielectric hystereses un-
der compression loading is observed in experiments by Zhou et al.
(2005a).
In case a tensile stress applied to the sample during the cyclic
electric loading, the material behavior is signiﬁcantly different.
The tensile stress stabilizes the polarization state and thus in
Fig. 9 there is no mechanical depolarization, while the electric ﬁeld
is reduced. Unfortunately there exists no experimental validation as
tensile stresses higher than 40 MPa (Fett et al., 1998) lead to fail-
ure of samples. One would expect that tensile stresses stabilize the
polarization state as for a 90 switching process the deformation
acts against the tensile stress. This could explain the increases of
the coercive electric ﬁeld in the presence of tensile stresses. It seems
that the increase of coercive ﬁeldwith tensile stress is stronger than
predicted by micromechanical models. As mentioned above, exper-
imental results are not available. In view of the applications of the
model we have in mind, this feature is not all too important as the
tensile stress cannot have full impact on Ec in the initial poling loop.
The tensile stress also increases the slope in the nonlinear regime of
both hystereses curves. Due to the direct piezoelectric effect the
maximum of the electric displacement increases under tensile
stresses and decreases under compression stresses.Fig. 8. Ferroelectric material behavior un6.3.3. Ferroelastic behavior under electric ﬁeld
In this veriﬁcation test the mechanical load is cycled and a con-
stant electric ﬁeld, slightly higher than the coercive electric ﬁeld is
applied. First the electric ﬁeld is applied which leads to a small
amount of remanent polarization of 0.02 C/m2. This leads to a po-
sitive remanent strain which deforms the ferroelastic hysteresis in
horizontal direction in Fig. 10 with superposed electric ﬁeld. While
the electric ﬁeld remains constant a compression load is applied.
There is an increase of the coercive stress, which has been observed
experimentally in Schäufele and Heinz Härdtl (1996). The electric
ﬁeld stabilizes the polarization state, which is described by func-
tion (41). Thus the smaller remanent polarization is constant while
the mechanical load is applied. This is the reason why the strain is
smaller, for equal compression stress. Then the loading direction
switches into the tensile regime, the saturation strain is equal to
the pure mechanical simulation as in this case both parts of the
remanent strain have the same direction. As a result the ferroelas-
tic hysteresis is unsymmetric due to the electric ﬁeld which intro-
duces and stabilizes a remanent polarization.6.3.4. Multiaxial behavior
In all simulation results shown in the previous sections (with
the exception of Section 6.1.1) the mechanical and the electric
loads are performed parallel or antiparallel to each other (coaxial
loadings). In the veriﬁcation test discussed next, the mechanical
loading is perpendicular to the orientation of the remanent polar-
ization. In Fig. 11(b), the loadings are shown. First, an electric ﬁeld
is applied, inducing a remanent polarization in its direction
(Fig. 11(a)). In the second step, mechanical loading is applied in
direction perpendicular to the polarization. Two simulations are
performed with different mechanical loadings, one is a tensile
and the other is a compressive loading. The tensile stress perpen-
dicular to the remanent polarization leads to mechanical depolar-
ization. In case of the compressive stress perpendicular to the
remanent polarization, no mechanical depolarization appears.
Rather the poling texture is stabilized.7. Finite element simulation of the poling process of a rounded
electrode tip in a stack actuator
The ability of the presented framework to model a poling pro-
cess in areas with inhomogeneous electric and mechanical ﬁelds
is shown in this section. The material parameters are given in Table
1. Only cd = 1.02 differs leading to a higher slop in the nonlinear re-
gime of the dielectric and butterﬂy hysteresis. The elastic constants
of the electrode material, namely Young’s modulus and Poisson’s
ration are chosen as Y = 103 kN/mm2 and m = 0.35, respectively.der superposed compression stress.
Fig. 9. Ferroelectric material behavior under superposed tensile stress.
Fig. 10. Ferroelastic hysteresis under coaxial mechanical loading with superposed
electric ﬁeld.
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chosen boundary conditions have also been used in Laskewitz and
Kamlah (2010) to model the behavior of a representative layer in
the neighbourhood of the electrode tip inside a multilayer actor
under plain strain conditions. The top and bottom electrodes pos-
sess a ﬁnite thickness with a radius at the tip of the lower electrode
of 0.3 mm, which equals half of the electrode thickness. The poling
process is simulated by the triangular loading history shown in
Fig. 12, which is applied to the surface of the upper electrode whileFig. 11. Evolution of remanent polarization underthe lower electrode is kept at zero potential. The geometry of this
problem leads to an inhomogeneous electric ﬁeld which is shown
in Fig. 13 for the instant of maximum electric loading at t = 1 s.
Since the complete theory is rate independent, time is here merely
a parameter indicating the sequence of events without any further
physical meaning. The remanent polarization ﬁeld after poling in-
duces a non-vanishing electric ﬁeld in the neighbourhood of the
electrode tip even after the electric potential at the upper electrode
has been reduced to zero.. The stresses in z-direction are shown in
Fig. 14 for maximum electric load at t = 1 s. In the region near the
free surface to the right, there are tensile stresses due to vertical
extension of the homogeneously poled area between the two elec-
trodes to the left of the electrode tip. This could lead to so-called
poling cracks. To balance the tensile stresses, we ﬁnd compressive
stresses in the homogeneously poled region to the left. Near the
electrode tip stresses reach their maximum value. A detailed dis-
cussion of similar results is in Kamlah and Böhle (2001).
8. Summary and conclusions
In this paper a new phenomenological, rate independent mate-
rial model for piezoceramics is presented. It is given in a three-
dimensional formulation, modeling the macroscopic nonlinear fer-
roelectric and ferroelastic fully-coupled properties by a set of yield
functions. The history dependence is stored in internal state vari-
ables, the remanent polarization and the remanent strain. The solu-
tion of the system of differential equations is obtained by a
customized return mapping algorithm, which is efﬁcient as only
one algebraic function needs to be solved. Due to some simpliﬁca-
tions this can be done in closed form. This solution scheme is imple-perpendicular tensile or compression stress.
Fig. 12. Finite-element model of the poling process of a rounded electrode tip in a
stack actuator.
Fig. 13. Inhomogenes electric ﬁeld at maximum load t = 1 s and after poling t = 2 s.
Fig. 14. Stress in z-direction at maximum load t = 1 s.
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well-know that the standard variational formulation in piezoelec-
tricity leads to a saddle point problem. To avoid this problem a hy-
brid formulation is used which has the electric displacement in
addition to the displacement and electric potential as degrees of
freedom. Although inverting the global systemmatrix is more time
consuming, as the size increases with the number of degrees of
freedoms, the total computation time is reduced. This can be attrib-
uted to the fact that less iterations are necessary to satisfy the
convergence criteria. The use of the automatic differentiation tech-
nique to obtain the consistent tangent operator accelerates the
development process and increases the convergence rate of the glo-
bal Newton iteration. More strict convergence criteria can be satis-
ﬁed with less iterations which improves the stability of the ﬁnite
element calculation.
Extensive veriﬁcation tests are performed to evaluate the
behavior of the material model under pure electrical and mechan-
ical loadings. Also coupled electromechanical and multi-axial load-
ing conditions are investigated. The presented material model is
able to represent all major hystereses effects of piezoceramics. As
always additional ﬁtting parameters can be introduced to betteradjust the model to measurement results. Also each material ten-
sor inside the linear piezoelectric equation can be modiﬁed. Mea-
surements in Zhou et al. (2010) shows the effect of decreasing
piezoelectric constants with further increased electric ﬁeld. Also
the dependence of the dielectric tensor and the elastic tensor are
analyzed in Zhou et al. (2010) but it is shown there that it is not
clear if a transversally isotropic tensor with the remanent polariza-
tion as the axis of anisotropy are an appropriate solution.
Nevertheless, the presented phenomenological material model
inside the hybrid ﬁnite element framework is a working environ-
ment to predict the behavior of piezoelectric components includ-
ing the fully coupled electromechanical hystereses properties.
This is shown in a simulation of a rounded electrode tip there inho-
mogeneous electric and mechanical ﬁelds are present.Acknowledgements
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